We consider the inspiral of black holes carrying U(1) charge that is not electromagnetic, but corresponds to some dark sector. In the weak-field, lowvelocity regime, the components follow Keplerian orbits. We investigate how the orbital parameters evolve for dipole-dominated emission and find that the orbit quickly circularises, though not as efficiently as for a gravitationally dominated emission. We then regard circular orbits, and look for modifications in the gravitational waveform from the components carrying small charges. Taking this into account we populate the waveform with simplified LIGO noise and put it through a matched filtering procedure where the template bank only consists of uncharged templates, focusing on the charges' effect on the chirp mass estimation. We find a consistent overestimation of the 'generalised' chirp mass, and a possible over-and underestimation of the actual chirp mass. Finally, we briefly consider the effect of such charges on hyperbolic encounters, finding again a bias arising from interpreting the generalised chirp mass as the actual chirp mass.
Introduction
Nearly a century after the theoretical prediction of the existence of Gravitational Waves (GWs) by Einstein [1] , the LIGO interferometers [2] culminated a long quest with the first ever direct detection of a GW [3] . Although indirect evidence for their existence had already been provided by binary pulsars, e.g. the celebrated Hulse-Taylor pulsar and many subsequent ones (see [4] and references therein), the LIGO detection opened a new window to observe the universe with the potential to discover new astrophysical objects. The incorporation of the Virgo interferometer [5] to the network increased the sensitivity to the GWs' polarisations and allowed a more precise positioning of the sources [6] . Since then a substantial number of events have been observed by the LIGO/Virgo collaboration [7] . A major breakthrough came about with the first detection of a merger of two neutron starts [8] , whose electromagnetic signal could also be observed [9] . This event marked the dawn of multi-messenger astronomy.
GWs provide an entirely novel detection channel with excellent prospects to peer into the strong gravity regime and the high-energy physics involved in the merger of Black Holes (BHs) and Neutron Stars (NSs), thus opening new opportunities to discover physics beyond the standard models. However, clear signatures of new physics have not been observed so far and the predictions of General Relativity (GR) seem to be able to account for the detected signals [10] , although the obtained typical mass ranges of the events as well as GW170729 has challenged some stellar mass black hole formation models [11, 12] . In any case, we still lack any robust evidence for the existence of more exotic, though plausible, objects like hairy black holes, black hole mimickers, boson stars, compact objects of modified gravity scenarios, etc. (see e.g. [13] for a recent status report).
The catalogue paper of the LIGO/Virgo collaboration [7] reports on an increase in significance of some events due to improvements made on the detector pipelines. It is also reported that, although the number of marginal events detected are not unlikely at the current thresholds, it is currently difficult to discern the astrophysical origin of any of them. Consequently, a potential reason for the non-discovery of exotic objects like the ones mentioned above could be that LIGO/Virgo's most sensitive detection pipelines, the matched filtering pipelines of PyCBC [14] and GstLAL [15] , require an accurate theoretical modelling of the astrophysical source with templates that would allow to reliably extract the signal out of the noise [16] . These types of objects' theoretical predictions are not included in the template banks that are used in the pipelines, and so their signal might either go undetected or not be considered significant enough and become a marginal event. It could also be the case that some of these signals might actually have been detected, but misinterpreted in terms of the existing templates.
The no-hair theorem of BHs in GR [17] states that a BH is completely described by its mass, spin and charge. This is a non-trivial and paramount result for the physics of BHs since it allows to reduce any BH solution to just three numbers, in high contrast to e.g. a neutron star whose extremely complicated internal structure is required to understand its behaviour. Furthermore, the electric neutrality of the universe makes it so that actual BHs can only carry a negligible charge [18] and they can therefore be well-described in terms of only their mass and spin. For binary systems, this simple picture drawn by the no-hair theorem allows us to create a discretised grid for the binary's relatively low-dimensional parameter space on which numerical templates are constructed, densely enough to hopefully cover all of the true binary parameter space. However, this has the intrinsic limitation that exotic compact objects not complying with the no-hair theorem, or better described by solutions other than the Kerr metric, cannot be properly captured by the templates. It is also possible that the orbit has a significant residual eccentricity by the time it enters LIGO/Virgo sensitivity (the templates are obtained for the already circularised regime), but this would only happen under special circumstances [19] due to the orbits circularising from GW emission by the time of merging for initially large separation black hole binaries.
The main purpose of this work is to explore some observational consequences of compact objects beyond those well-captured by the employed templates. We will however remain very conservative and only consider the case of charged BHs, whose existence do not require introducing any severe extensions to the standard model nor any modification of the gravitational interaction. As commented above, charged BHs are traditionally dismissed due to the electrical neutrality of the universe on the relevant scales, although there are some suggested mechanisms through which an astrophysical BH could acquire some charge, though a very small amount [18, 20, 21, 22, 23] . Although we are mainly interested in studying the potential effects of a population of charged BHs while remaining agnostic about their origin or formation process, we can give some well-motivated scenarios where such objects could be formed. One of such scenarios is a class of self-interacting Dark Matter (DM) models where the interaction is mediated by some dark photon (see e.g. [24, 25, 26] for similar motivations to consider charged BHs). After all, all the interactions in the standard model of particles (leaving gravity aside) are mediated by massless spin-1 gauge bosons and, after symmetry breaking, the photon remains as the relevant one on large (as compared to the corresponding Compton wavelengths) scales, so it is plausible that the dark sector could also contain some dark U(1) gauge field. Obviously, some mechanism in the early universe should lead to a net dark charge so charged BHs will not be neutralised by accreating DM particles of the opposite charge 1 . The formation of BHs from these DM particles (for instance if their generated spectrum presents high peaks on small enough scales) would then give rise to a population of charged BHs. On the other hand, these charged BHs could have been produced by some other unknown mechanism in the early universe, so they do not need to be related to DM at all, although their relation certainly substantiates the motivation. In any case, associating the electric charge not to that of electromagnetism, but to some dark (hidden) sector permits us to sidestep the commonly invoked objection towards charge-inclusion in black hole mergers. Let us emphasise one last time that our scenario, aside from better or worse theoretical motivations, intends to simply study some consequences of having a population of a less explored region in the solution space of GR, namely: that of Reissner-Nordström BHs [27] , or Kerr-Newman [28] in the rotating case.
The article is structured in the following way: We start in Section 2 by considering Keplerian orbits where the emission is dominated by the electromagnetic (EM, here meaning dark sector electromagnetic) charge dipole and find the time-evolution of the orbital parameters. In Section 2.3 we consider how quickly the orbit circularises as its semi-major axis decreases. In Section 3.1 we move on to considering circular orbits with BHs emitting in both EM charge dipole and GW mass and EM charge quadrupole channels, but where the dipole power is much smaller than the quadrupole power. Linearising in a quantity ǫω −2/3 , we find the resulting GW waveform which we populate with noise and use as a mock strain on which we perform the matched filtering parameter estimation for the chirp mass. We present our results in 3.4. In 4 we briefly consider the consequences of a similar analysis on hyperbolic trajectories. Notation: Throughout this paper we will unless otherwise stated use geometrised, natural units: G = c = 1 4πǫ 0 = 1. We will denote the time-average of a quantity A as A , and use Greek indices for vectors/tensors spanning space and time, while using Roman indices for purely spatial vectors/tensors. Although the charges are intended to be hidden and not electromagnetic, we will often refer to their quantities using 'electric', 'magnetic' or with the abbreviation EM.
Modelling the Merger
We are interested in a binary system of BHs that we model as point-like sources carrying both mass and charge, i.e. they are well-described by the following energy and charge densities
with m i and q i the corresponding mass and charge of the two BHs and x i their trajectories. We will work at the lowest order so that their internal structure will not be relevant; It will only come into play at higher post-Newtonian orders [29] . This characterisation of the charged binary system is similar to that of [30] and [31] . As usual, it is convenient to work in the centre of mass system defined by
and introduce the relative position vector R ≡ r 1 − r 2 so we have the following relations
with M = m 1 + m 2 . The charge of the BHs introduces an additional electric force that gives rise to a correction to the usual gravitational potential of the system. However, since this extra potential shares the Newtonian 1/R form, we can easily incorporate its effect with the potential
where µ = m 1 m 2 /M is the reduced mass and we have introduced the effective Newton's constant 2G
with σ i ≡ q i /m i the charge-to-mass ratios. It is then immediate to obtain the corresponding Keplerian orbits that are characterised by
x = R cos ψ, y = R sin ψ,
with a, e and ψ the semi-major axis, eccentricity and the polar coordinate of the reduced mass 1-body problem.
Energy and Angular Momentum Emission
Our assumption of weak-field, low velocity motion translates to only keeping the lowest terms of the multipole expansion for the radiation fields. For the electromagnetic field in the Coulomb gauge (with A 0 = 0) we then need to solve the wave equations
where j i is the corresponding conserved current owing to the charges of the BHs. We can solve this equation with Sommerfeld boundary conditions to obtain the radiation in the far-field region
which, at first order in velocities, can be expressed as
with the moments defined as
Due to conservation of the current ∂ µ j µ = 0, we have the relationṡ
The first relation, stating charge conservation, guarantees the absence of monopolar radiation and that the leading order is given by the dipolar contribution. Note that if the two components carry the same charge-to-mass ratio, σ 1 = σ 2 , then the electric dipole vanishes and we need to go to the next order, whose term decomposes into the charge quadrupole and current dipole that generate electric quadrupolar and magnetic dipolar radiation respectively as the leading order contributions. An extension of our analysis that includes the second order term of the expansion is shown in Appendix B.
Equipped with the radiation field, we can obtain the emitted energy per unit of time and solid angle by inserting the solution in the energy-momentum tensor t µν . In the frame where the radiation propagates along the z-axis, we find
where P = −dE/dt is the emitted power and f (t) is the average over one period,
. Now, following [32] , we realise that we can passively rotate the dipole along the z-axis into an arbitrary directionn given bŷ
leaving all direction dependence to the rotation matrix. The general-direction dipole becomes
where we have used the rotation matrix given bŷ
We can then straightforwardly compute the emitted power by plugging these expressions into (13) to obtain:
where we have defined the parameters
where the latter is the generalised Kepler's law that includes the electric potential effect through the effective Newton's constantG. Likewise, though a bit more involved, one can find the rate of angular momentum emission. We defer the details to Appendix A and quote the final result here:
Both of the above results agree with the expressions obtained in [31] 3 , and with [33] for the particular case G = e = 0. We can likewise find the energy and angular momentum emission owed to gravitational waves, but refer to [32] for details. The power for a circular orbit, which we will use in 3.1, is:
where we have restored the gravitational constant, G, only here for being explicit about not promoting it to the effective gravitational constantG used everywhere else in this work. G is fixed by the requirement that the Schwarzschild metric should give an effective potential in the Newtonian limit equal to the Newtonian gravitational potential. The effective G's rather stem from the dynamics of the orbit, from using our generalised Kepler's law in going back and forth between angular frequency and radius. In other words, in our final expressions for the total emitted gravitational radiation we will have two sources for the gravitational constant, namely: the coupling of the radiative gravitons to matter, that will contribute factors G, and the dynamics of the Keplerian orbits which, as we have seen, are determined by the effective gravitational constantG. Thus, by keeping track of the factors arising from the radiative and the non-radiative sectors we can easily identify the factors of G andG in the corresponding expressions.
Evolution of Orbital Parameters
We assume in the following that the emission of energy and angular momentum is dominated by the charge dipole. Now that we know the emission rates, (17) and (19), we can couple them to the time-differentiated equations for the energy and angular momentum of a Keplerian orbit, giving:
where we have defined
We can solve the above equations analytically, following again [32] , to obtain
where we have defined g(e) = e 4/3 1 − e 2 , and τ e=0 =
with τ the time until collapse and collapse being defined as happening when a = 0.
Orbit Circularisation
We will now compare the results obtained in the previous section for the case of charged BHs to the corresponding results for the usual case of GW dominated emission. The equations for the latter can be found in [32] so we will not repeat them here. We show the results in Figure 1 . We see that we can expect an initially (at large separation) eccentric black hole binary to be circularised by the time it enters LIGO/Virgo's sensitivity range when the GW channel dominates the energy and angular momentum emission, circularising within a reduction of about 1.5 orders of magnitude of the semi-major axis. For EM dominated emission, the circularisation is weaker, and requires a reduction of about 2.5 orders of magnitude. Bottom: Ratio of current to initial semi-major axis, with initial eccentricity e 0 = 0.9. All shown as functions of eccentricity, for both electromagnetically-and gravitationally dominated evolution of orbital parameters.
In the case where the charge-to-mass ratios are equal so that the dipole is suppressed and the charge quadrupole is the leading order term, we found in Appendix B that the emission is similar to the GW quadrupole emission up to a constant factor, equivalent to a rescaling of the chirp mass, otherwise given by M = µ 3/5 M 2/5 , and so the circularisation should be equally efficient as there is no dependence on the components' parameters.
Linearised Case Parameter Estimation
Now that we have justified our simplifying restriction of only considering circular orbits in our subsequent analysis, we turn to model the waveform and look at what sorts of errors on the chirp mass of the source an observer assuming pure Schwarzschild sources would get.
We note that templates matched onto, resulting from modelling of other effects, might be degenerate in parameter estimation with a charged template, and so a bias found in our consideration of only matching onto variations of initial phase and chirp masses might manifest differently if also including eccentricities, spin, dark matter halo dephasing [34] , sky-and polarisation angles, etc. We will in the following assume that there are no biases in the other parameters, focusing on the chirp mass estimation, under which assumption a sky-and polarisation angle averaged signal-to-noise ratio (SNR) consideration gives equivalent bias to ours of a pure plus polarisation. This can be seen using the same type of averaging as in chapter 7 of [32] when considering the sight distance or the stochastic background.
Because of considering plus-polarised radiation hitting the detectors, the detector tensor when contracted with the perturbation tensor only results in an overall constant. The interesting part of the signal over which we will do our matching is then:
where ω is the orbital frequency and Φ is the phase, and both are functions of the binary parameters and time and will be found below. We will in the following consider the small charge-to-mass ratio departure from the neutral case, linearising in a convenient charge parameter.
Linearised Orbital Frequency and Phase
We follow the same procedure as above, except that now we need only consider energy conservation to determine the orbital parameters as e = 0. When the charges (or their charge-to-mass ratio difference) are (is) small, both the GW quadrupole and the EM dipole emission can be important. In that case we need to couple the total power P = P EM + P GW to the time differentiated energy equation. When doing this we find that
where we have defined the following quantities:
with M * the generalised chirp mass and Ξ comes from including the charge quadrupole emission. The details can be found in Appendix B. The solution to these equations can be written as:
where
Linearising in ǫ R R = ǫω −2/3 , we eventually find (u = τ /τ 0 ):
We can now find the phase. Setting Φ 0 = 0, we obtain
and so we have 
We can then construct our templates by inserting (33) and (35) into (27) . For the Fourier phase of the plus polarisation, using equation (4.367) in [32] , we find
which correctly reduces to (4.37) in [32] for the uncharged case and agrees with equation
A Least Squares Approach
We compare the template constructed above for some small (∆σ) 2 to another one of the above with ∆σ = 0 and a rescaled chirp mass M * → rM * , holding τ 0 fixed. We then determine the rescaling of the generalised chirp mass, r, by finding the least squares of their phase difference over all u. For simplicity we only match their phases, as this is the most important effect. The following will then serve as an approximation and setting of expectations of what we will find later when considering the full matched filtering template selection. We thus have 2 different transformations of the phase that we wish to match to each other
Putting up the least squares equation
we find the solutions t(c) = 
where c is the cutoff, motivated by the fact that our weak-field low-velocity approximations will fall apart for small u, invalidating our analysis. We therefore only perform the matching for u ∈ (c, 1). The above gives for the parameter estimation:
where q is defined in (36) . These results clearly signal that the obtained parameters, i.e. the chirp and total masses, will be biased with respect to the true values of the emitting source. This puts forward the risk of a mismatch between the true mass of the source and the inferred one when we try to fit a charged binary system to a binary system of Schwarzschild BHs. In the next section we will confirm this result with a more precise and robust numerical approach.
Matched Filtering and Numerics
We will start with the template (27) , normalised to unity at some small time before the merger and inserted into it our linearised expressions for frequency (33) and phase (35) , and populate it with stationary, simplified LIGO noise from [35] -the result is our strain, seen in figure 2 . We then construct a grid of charge-neutral templates, varying over different generalised chirp masses and initial phase constants, to each point in which we attach an SNR-value (signal-to-noise ratio) that quantifies how good the match is. The selected template is the one with the highest SNR, and its parameters will be what is deduced for the emitting source. For our cutoff, c, we need to have simultaneously
where T is the period, R s = 2M is the summed Schwarzschild radii, used here to approximate the summed outer Reissner-Nordström radii for the weakly charged black holes, and 3R s is the corresponding innermost circular orbit. These conditions correspond to the assumptions of low-velocity, weak-field or circular orbit, and quasistatic inspiral respectively. We find that the second condition is the strictest one, giving, for our choice of M = 30 and τ 0 = 16s,
where η = µ/M is the symmetric mass ratio, which at largest, for equal component masses, is 1/4, giving u ≫ 0.002. For m 1 /m 2 = 10, we find u ≫ 0.012. We then pick u = 0.1 and note that the treatment becomes invalid around m 1 /m 2 ∼ 10, and that the error can be estimated by looking at the function t(c) in (41) . Our code for finding the SNR of a given signal and template is built around the example code provided at the LIGO open science center [36] .
Results
The result of the matched filtering analysis can be seen in Figure 3 . The x-axis is chosen so that the perturbative parameter ǫω −2/3 at most is 0.1. We note that the slope of the least squares result is somewhat off, and attribute this to the fact that we only considered the phase in that analysis.
For a generalised chirp mass of 30 solar masses, in the worst considered case of µ(∆σ) 2 /M ⊙ = 0.6, we would then infer a generalised chirp mass of 31.3 solar masses. If we assume the component masses to be equal, and only one of the components charged, so thatG = 1, then the reduced mass would be 17.23 solar masses and the charge to mass ratio of the charged body σ 1 ∼ 0.19 ∼ 1.6×10 −11 C/kg and total charge q 1 ∼ We should however note thatG = 1 − σ 1 σ 2 , and so if both bodies are charged positively, we might potentially get an underestimation of the mass when we are interpreting the generalised chirp mass as the actual chirp mass, because M * = G 2/5 Ξ 3/5 M. If they both are charged equally, the dipole would disappear, but this bias would remain in the GW quadrupole as the modification is due to the generalised Kepler's law and charge quadrupole radiation. Then, with say σ 1 = σ 2 = 0.19, we would get M new M true = 0.99, which is less significant than what was found above and will work to reduce the chirp mass bias in the equal-sign-charge, non-vanishing dipole case.
Another interesting detail is that according to equation (43), we would expect M true * /M false *
0 , and so we should expect a greater bias the longer before the merger the strain enters our detectors' sensitivity. We find more precisely, using the matched filtering, that
We also see, again according to equation (43) , that smaller true chirp mass mergers will have greater biases. An interesting effect of the dependence on τ 0 of the biased chirp mass is that there will be an additional relation between the bias factor and the true mass related to the experimental setup. This relation arises because the LIGO/Virgo interferometers have a finite frequency band with a lower limit that determines when a given signal will enter the detector for a given mass and this lower limit will also determine the value of τ 0 . We do not find a loss of SNR for scenarios considered here of much more than a few percent, which points to most such weakly charged mergers actually being detected alongside uncharged mergers, though they might not be considered significant and their chirp masses would be estimated with a bias.
Hyperbolic Encounters
After studying the case of a bound system, we now would like to extend our previous analysis to a treatment of hyperbolic encounters similar to what is done for the uncharged case in [37, 38] .
Adiabatic Approximation
An immediate complication with respect to the bound case is the fact that there is no analogue to the quasistatic orbit approximation, where we average the emission over an orbital period, considering the orbital parameters to be changing at a larger timescale. For the hyperbolic encounter there is no periodicity in the motion to average over, and so we are faced with the Weinberg-Witten theorem [39] stating that one cannot build a Lorentz-covariant and gauge invariant stress-energy tensor for a massless particles with spin larger than 1, such as the graviton.
There then seemingly is an irremovable gauge-ambiguity to asserting back-reaction on the orbit from graviton emission, though we can still consider electromagnetically dominated emission without problems. The authors of [37] tackled the ambiguity by treating static orbits, assuming the orbital parameters to change on a timescale larger than that of the encounter. There will however still be an ambiguity to the instantaneously emitted power and the frequencies of the radiation, but we consider this irrelevant since our real observable is the proper length difference in the arms of the detectors in the detector frame, which through Fermi normal coordinates is expressible with the Riemann tensor which is gauge invariant in the linearised theory [32] .
For the orbit, a first guess on the back-reaction could be to approximate the interaction as all happening at the periapsis, so that there is an initial and final hyperbolic trajectory differing in energy and angular momentum by what is found by integrating the emission over the entire initial static orbit. Another solution could be to perform window-averaging over several periods of the frequency of interest and assign the power to the centre of the window.
Static Trajectories
Putting aside the aforementioned considerations, we will now consider static trajectories without the averaging discussed above, as in [37] . The generalisation to U(1) charged mergers only brings with it a modification to the relations between orbital parameters (a, e) and the components' parameters. We find
where b is the impact parameter or the semi-minor axis.
The remaining development in [37] resulting in their equations (7-16) then follow straightforwardly, luckily being expressed in terms of (a, e). There is however a small modification to the constraints put in their equations (4) (5) (6) . Instead of requiring that their closest distance is larger than their summed Schwarzschild radii r min > 1 R s + 2 R s ≡ R s , we need to impose that it is larger than the corresponding outer Reissner-Nordström radii R + , and so we find
This may or may not be a stricter requirement than v max < 1, which leads to b > (e + 1) 3/2 (e − 1) 1/2G
Both of these are for the minimally charged case approximated by the uncharged conditions of [38] . The net effect of this whole consideration is that the five independent parameters become (M, µ, v 0 , b, R) → (GM, µ, v 0 , b, R). Note again that the G appearing in Einstein's field equations is still just the normal gravitational constant, as discussed in section 2. Equations (56-60) of [38] then follow with M →GM which is the same type of substitution we have done in our generalised chirp mass above, not taking into account the charge quadrupole. There then is a degeneracy in estimation ofG and M that potentially can be broken by a careful modelling of the back-reaction of the radiation on the orbit.
Conclusions and Discussion
In this work we have considered the emission of GWs by systems involving charged BHs whose charge is not the usual electromagnetic charge, but rather corresponds to some dark (hidden) charge. We have studied the cases of a bound system of two black holes and an unbound system corresponding to a hyperbolic encounter of two of such objects. In Section 2.3 we showed that an EM dipole dominated emission of a black hole binary in Keplerian orbits would cause the orbits to circularise by the time the components' separation has decreased a considerable fraction. We then verified that only considering circular orbits by the time the mergers enter into the LIGO/Virgo sensitivity is a good approximation for EM radiating binaries as well as binaries with GW dominated emission. In Section 3.4 we saw that we could get a significant overestimation for the chirp mass of a binary system when projecting a charged signal onto uncharged templates, but it would require a somewhat high amount of charge of σ ∼ 0.1, which seems to agree with [40] . We saw that, according to our results, the weakly charged merger would likely be detected alongside uncharged mergers. Finally, in Section 4, we did not find the bias due to emission of U(1) radiation for the hyperbolic encounters, but did find a modified relation between the parameters of the static orbit and the components. We saw that, not considering back-reaction, the main difference is caused by the modified Kepler's law and hides away in the total mass parameter of the assumed uncharged encounter.
In a detour from our main focus of a hidden charge, we would like to comment now on the impact of our results for the mechanism suggested in [20] through which a spinning black hole in a uniform external magnetic field would naturally acquire electric charge, which for a Kerr BH would give at most a charge of:
which we see is completely negligible for our purposes for typical galactic magnetic field strengths of order micro Gauss [41] . To get a σ = 0.17, for m 1 = 34.46M ⊙ , we would need a magnetic field of order 10 17 Gauss, which not even living on top of a magnetar could account for, typical field strengths there being at most of order 10 15
Gauss [42] . There could however, for all we know, be some other unknown mechanisms that would allow for more electric charge, for example if dark matter carries fractional electric charge, and if we think of the U(1) charge as a hidden charge then there are more possibilities; If the universe is not neutral in this other charge, for example, the BH might be charged from the onset. For a discussion on hidden and on fractional electric charge, see [24] . For new constraints on electrically minicharged dark matter, see [26] . The above has a very restricted scope owing to all of its simplifying assumptions. Concerning sources, it would be illuminating to see a similar analysis done for either or both of spinning black holes and without linearising in the charges. Regarding the false match parameter estimation it would be interesting to consider biases in other parameters like residual eccentricities, spin, sky-and polarisation angles and dark matter halo dynamical friction [34] .
As mentioned in section 3.4, based on equation (43) or (48), the bias is expected to both grow with initial time until merger and shrink with the true, generalised chirp mass, and we therefore would expect neutron star mergers, that are better in both these regards, to make an interesting subject for further studies if they could acquire some hidden charge. This is speculative because an appropriate mechanism for the neutron stars to maintain a non-negligible charge should first be devised.
Other ideas for future work is to look at a similar type of analysis for non-Abelian charges or to model the back-reaction of both the (dark) photon and graviton radiation on the hyperbolic trajectories to see whether there is some exciting new phenomenology and if the mass degeneracy mentioned may be broken.
Considering Figure 4 in [43] , we see that our analysis might give a correct notion of the bias introduced for total masses below 20 − 30M ⊙ , while for larger masses, first the merger-and then the ringdown phase dominate with their contribution to the SNR, while the inspiral becomes of decreasing importance. It would therefore be interesting to see what kind of mass bias we could get from the merger phase. The ringdown is covered in [24] .
Finally, it would be interesting to see the construction and inclusion into the LIGO/Virgo template banks of charged components mergers, to estimate and put constraints on the charges and possibly remove parameter estimation biases -this would however require a higher expansion in velocity for the inspiral, numerical simulations for the merger phase, and solutions of the quasi-normal modes of a Kerr-Newman black hole for the ringdown, all to a high precision. In view of our results we believe this is a pertinent endeavour to pursue in order to have an optimal and more appropriate exploitation of GWs data.
Code: The codes used in the circularisation and the matched filtering analyses can be found at https://github.com/oyvach/matched-filtering-mock-bias.
For the orbital angular momentum term, we find it useful with a slightly different approach. Following [32] , we picture a general direction dipole as given by Q ′i (n) = P i j (n)Q j (t − r), P ij = δ ij − n i n j ,
where P is a projection operator that enforces the transversal gauge in the n-direction.
We have ∂ i f (t − r) = −n iḟ , so for the orbital angular momentum term, we find:
We use the relations that we for brevity will not prove here:
which allow us to find the emission:L
so that the total angular momentum emission reads:
B. Charge Quadrupole
In the case where the charge to mass ratio difference is small, the charge quadrupole might be of significance. We consider equation (10) , and find the second term in terms of our multipoles, using current conservation ∂ µ j µ = 0, yieldinġ
where the second term is the current dipole and is zero for a circular orbit, which we can see by, using equations (1)- (7),
We want to derive the power for some charge dipole and quadrupole then. We use, as in appendix A, the projection operator to allow for a general orientation for the multipoles, so that − d 2 E r 2 dtdΩ = P ij Ȧ iȦj = P ij 4πr 2 Q iQj + n k n l 4
where we have used P ij P jk = P i k , and the last term is the dipole-quadrupole interaction and is automatically zero because the resulting angular integral will be over an odd number of n i .
There not being any interaction, we may use the dipole power we have already found and work with the quadrupole power independently. For the quadrupole term, taking the angular integral, we find d 3 x n i n j n k n l = 4π 15 δ ij δ kl + δ ik δ jl + δ il δ jk (66)
The second term effectively removes the trace of the quadrupole and it can be shown to be equivalent to removing it from the start, before all the derivatives and the contraction, and so for the traceless quadrupole, we have P = 1 20
which is completely the same as for the reduced mass quadrupole radiation, except suppressed by a factor of 4. We then look explicitly at the charge quadrupole and find d 3 x j t x i x j = µ 2 (σ 1 /m 1 + σ 2 /m 2 ) R i R j (69)
where M ij is the mass quadrupole with trace from the GW multipole expansion. We can then tell that the combined quadrupole power is
